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Abstract: The goal of this study was to construct a mathematical and computational model
that accurately represents the complex, flexible movements and mechanics of an elephant’s
trunk. Rather than serving as a biological study, the elephant trunk model was used
as an application to demonstrate the effectiveness of a proposed rigid—flexible coupling
framework. This model has broader applications beyond understanding the mechanics
of an elephant trunk, including its potential use in designing flexible robotic systems and
prosthetics, as well as contributions to the fields of biomechanics and animal locomotion.
An elephant’s trunk, a highly flexible and muscular organ without bones, is best modeled
using continuum mechanics to capture the dynamic behavior of its motion. Given the
rigid body nature of an elephant’s head movement and the highly flexible nature of the
trunk, a robust geometric framework for the rigid—flexible interface is crucial to accurately
capture the complex interactions, force transmission, and dynamic behavior arising from
their distinct motion characteristics and differing coordinate representations. Under the
umbrella of flexible multibody dynamics, this study introduced a hybrid coordinate sys-
tem, integrating the Natural Coordinates Formulation (NCF) and the Absolute Nodal
Coordinates Formulation (ANCF), to establish the geometric constraints governing the
interaction between the rigid body (the head) and the highly flexible body (the trunk).
Moreover, the model illustrates how forces and moments are transmitted between these
components in both direct and inverse scenarios. Various finite elements were evaluated to
identify suitable elements for modeling the elephant’s trunk. The model’s accuracy was
validated through simulations of bending, twisting, compression, and other characteristic
trunk movements. The solution method is presented alongside the simulation analysis for
various motion scenarios, providing a comprehensive framework for understanding and
replicating the trunk’s complex dynamics.

Keywords:
formulation (ANCEF); rigid—flexible coupling; surface geometry; computer-aided design
(CAD)

natural coordinates formulation (NCF); absolute nodal coordinate

1. Introduction

Developing a continuum model of an elephant’s trunk involves a sophisticated blend
of mechanical engineering, biomechanics, and computational modeling disciplines. The
goal is to create a mathematical and computational model that accurately represents the
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complex, flexible movements and mechanics of an elephant’s trunk. The study began with
a thorough study of an elephant’s trunk anatomy and movement; see Figure 1. The trunk
is a highly flexible and muscular organ with no bones, comprising an intricate network of
muscles, tendons, and skin. It can perform a wide range of motions and functions, from
lifting heavy objects to delicate manipulations. Such a model could have applications
beyond understanding the mechanics of the elephant trunk, including the design of flexible
robotic systems and prosthetics, as well as contributing to the fields of biomechanics and
animal locomotion. Developing this model would be an interdisciplinary endeavor that
requires expertise in mechanical engineering, computational modeling, biomechanics,
and zoology. It would also likely involve iterative testing and refinement to accurately
capture the complex, multifaceted movements and functions of an elephant’s trunk. This
research highlights the advantages of continuum robots over traditional rigid-link robots,
particularly in their ability to navigate complex trajectories and confined spaces, making
them ideal for various advanced engineering applications. An elephant’s trunk serves as
an exemplary biological model, offering inspiration for designing flexible robotic systems

capable of unprecedented versatility and adaptability.

Figure 1. (a) A photograph of an elephant with its trunk in a natural environment. (b) Dorsal view of
the complete trunk specimen. (c) Left hemi-trunk before staining and scanning [1].

A novel approach to continuum robot backbone design, inspired by the flexibility
and versatility of an elephant’s trunk, was introduced and validated in [2]. The proposed
design incorporated helical compression springs with varying stiffness, arranged in a
multi-section structure, allowing the robot to achieve smooth elongation, bending, and
shortening. The paper focused on the effects of variable stiffness on its motion control and
stability. Experimental results demonstrated that the variable stiffness backbone enhanced
the robot’s rigidity, minimized twisting issues, and improved the efficiency of bending
motions, particularly at the robot’s tip. This design offers potential improvements in con-
trol precision and adaptability in robotic applications requiring dexterous and compliant
manipulation. However, the use of flexible springs increases the risk of buckling under
excessive force along the backbone, which can compromise the robot’s stability and perfor-
mance. Furthermore, while the design incorporates variable stiffness to improve control,
this feature requires careful calibration and increases the complexity of the system.

A comprehensive mechanical model for a continuum robot, inspired by an elephant’s
trunk, has been developed to predict the robot’s deformation under various conditions [3].
The robot’s modular structure incorporates adjustable stiffness across different segments,
enabling adaptability to diverse tasks and environments. This adaptability is achieved
through preprogrammable stiffness, which allows the robot to perform complex movements
and adjust to varying curvature scenarios. Despite its versatility, the system’s complexity
poses a significant challenge, as the precise control of stiffness across multiple segments
demands intricate coordination between the hardware and software components.
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The design and kinematic analysis of a bioinspired elephant trunk robot with a variable
diameter showed that it offers significant advancements in the dexterity and adaptability
of continuum robots [4]. The robot incorporates a soft motion mechanism combined with
a rigid variable-diameter mechanism, enabling it to adjust its radial size and optimize
performance for diverse tasks. This innovative design enhances the robot’s compliance,
stiffness, and workspace versatility, allowing it to perform a wide range of motions with
high precision. The kinematic model, which integrates both soft and rigid elements, was
validated through simulations and experiments, demonstrating the robot’s capability to
effectively adapt its shape and stiffness for complex manipulation tasks. Despite these ad-
vantages, the current design’s ability to change diameter is restricted to two discrete states,
and the added weight of the mechanism may limit performance in certain applications.
Future efforts will focus on developing a prototype with continuous diameter adjustment
and minimizing the robot’s weight to further enhance its functionality.

In line with the advancements in bioinspired robotics, a variable-curvature elephant
trunk robot (ETR) has been developed for applications in nuclear maintenance, partic-
ularly within the narrow and confined spaces of the China Fusion Engineering Test
Reactor [5]. The ETR incorporates a miniaturized, lightweight design that balances flexibil-
ity and load-bearing capabilities, allowing it to perform precise inspection and maintenance
tasks while maintaining high positional accuracy. Its kinematic model, developed us-
ing the Denavit-Hartenberg method, and trajectory-tracking control methods, including
end-traction, discrete path, and base-fixed algorithms, were rigorously tested through
simulations to validate its structural and motion performance. These control strategies
enable the ETR to efficiently navigate complex trajectories, demonstrating the feasibility
of deploying continuum robots in challenging environments such as vacuum chambers.
This work highlights the potential for bioinspired designs to extend continuum robotics
applications beyond traditional domains.

Building upon the inspiration derived from the physical intelligence of an elephant’s trunk,
a recent study proposed a biomimetic soft robot with preprogrammable localized stiffness [6,7].
This innovative design employed interference plates to regulate localized stiffness without
the need for additional devices, offering precise control over deformation and adaptability
to complex scenarios. The study demonstrated the capability to efficiently adjust stiffness
by preprogramming stiffness profiles, significantly reducing the reconstruction time and
enhancing environmental compliance.

However, challenges remain, particularly concerning the construction of the con-
tinuum model. The research work discussed above primarily focused on the flexible
components of continuum robots, such as trunk-like structures, while largely excluding
considerations of the rigid parts, such as the wrist or prearm, that are often critical for
certain applications. The development of such models requires intricate design consid-
erations, including balancing flexibility and structural integrity, accurately modeling the
dynamic behavior of the system, and addressing the complexity of implementing effective
trajectory-tracking algorithms. Additionally, a miniaturized and lightweight design, while
advantageous for confined spaces, can result in limitations such as a reduced load capacity
and increased susceptibility to external forces, which may compromise stability and preci-
sion during operation. These drawbacks highlight the need for further research to integrate
rigid and flexible components into a unified framework, optimizing the construction and
control strategies of continuum models for demanding applications.

To address these complexities, the multibody system approach provides a robust frame-
work for modeling the dynamics of systems comprising rigid and flexible components [8]. By
integrating continuum mechanics within the multibody dynamics framework, formulations
such as the Absolute Nodal Coordinates Formulation (ANCF) enable the precise modeling
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of large deformations and large rotation problems [9,10]. Unlike simplified assumptions
of constant curvature or discrete elastic rod models, the ANCF allows for the comprehen-
sive representation of structural flexibility, geometric nonlinearities, and cross-sectional
distortions. This approach not only enhances the accuracy of dynamic simulations but also
supports the development of integrated kinematic and static models, enabling sophisticated
applications in soft and continuum robotics.

However, modeling the rigid—flexible interface in multibody systems presents signifi-
cant challenges due to the contrasting dynamic characteristics of rigid and flexible bodies.
Rigid bodies require simplified modeling, often focusing on positional and orientational
coordinates, while flexible bodies necessitate a detailed representation of deformations,
strain distributions, and dynamic interactions. This disparity introduces complexity in
coupling these components within a unified framework.

The strain-based nonlinear beam formulation, as presented in [11], provides an effec-
tive approach for analyzing complex rigid—flexible interfaces. It enhances computational
efficiency and stability by employing strain measures and minimizing cross-sectional de-
formations, making it particularly suitable for slender, geometrically nonlinear systems.
While it reduces the number of variables and achieves better convergence compared to the
ANCEF, its integration into multibody frameworks requires substantial modifications, and
its applicability to complex or non-slender geometries remains unclear.

The Natural Coordinates Formulation (NCF) [12-14] offers an effective method for
modeling rigid bodies using Cartesian coordinates that inherently increase the number
of shared coordinates among interconnected rigid—flexible bodies. This formulation is
particularly effective in systems with Differential Algebraic Equations (DAEs), as it ensures
the mass matrix remains constant and simplifies the integration of linear constraints.

Despite these advantages, the NCF faces challenges such as high computational
demands, issues with constraint stabilization, locking problems, and difficulties in modeling
complex cross-sectional structures. This work aimed to address these challenges to meet the
intricate requirements of rigid—flexible interfaces in modeling an elephant’s trunk, serving
as a framework for continuum manipulators where both accuracy and computational
efficiency are essential.

This document is structured as follows: Section 2 explores the anatomy of an ele-
phant’s trunk. Section 3 delineates the Natural Coordinates Formulation (NCF), focusing
on its application in rigid body dynamics, the implementation of rigidity constraints, and
the derivation of the mass matrix and generalized forces. Section 4 delineates the Absolute
Nodal Coordinates Formulation (ANCE), including the kinematics of the ANCF thin plate
element, the derivation of generalized forces, and validation studies utilizing dynamic
models of initially straight or curved configurations. Section 5 outlines the ANCF contin-
uum trunk model, incorporating the geometric modeling and finite element representation
of the elephant trunk. Section 6 explains the rigid—flexible coupling dynamics between the
elephant’s head and trunk. Section 7 addresses dynamic simulations, highlighting the use
of stabilization methods and numerical integration techniques. The conclusion is detailed
in Section 8.

2. Elephant’s Trunk Anatomy

Figure 1 provides a comprehensive view of an elephant’s trunk, starting with a pho-
tograph taken in its natural environment that showcases its flexible, muscular structure
and characteristic wrinkled skin. A 3D reconstruction (Panel b) emphasizes the trunk’s
intricate surface details and cylindrical shape, highlighting the complexity of its external
musculature. Finally, a cross-sectional view (Panel c) reveals the internal anatomy, detailing
the arrangement of muscles and tissues that enables the trunk’s function as a muscular
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hydrostat. Together, these images illustrate the trunk’s dense musculature, consisting of
approximately 90,000 muscle fascicles, which grants it extraordinary dexterity and fine
motor control.

An elephant’s trunk exhibits a remarkable range of motion configurations, allowing
it to perform various complex tasks such as drinking, feeding, and grasping objects. This
versatility is achieved through the coordination of 17 distinct muscle groups that control
the trunk’s movements. Key configurations include bending, where longitudinal muscles
contract on one side to curl the trunk into various shapes, and torsion, enabled by helical
muscle fibers that allow the trunk to twist in multiple directions; see Figure 2. The trunk can
also perform combined motions, seamlessly integrating bending and twisting to enhance
its ability to interact with its environment. These configurations collectively contribute to
the trunk’s extensive reach and flexibility, enabling it to access a broad volume of space,
often referred to as the “reachability cloud”, making the trunk an incredibly adaptable and
efficient appendage for a wide range of tasks [15].

Longitudinal muscles

Figure 2. Elephant trunk with longitudinal muscles [15].

Due to the dominant influence of the skull’s rigid structure on the overall motion
of the elephant’s head, soft tissue effects are considered negligible in the context of the
rigid—flexible coupling approach. Therefore, the head is modeled as a rigid body using the
Natural Coordinates Formulation (NCF), while the trunk is treated as a flexible body using
the Absolute Nodal Coordinates Formulation (ANCF), providing an integrated framework
to accurately capture the dynamics and motion of this complex system.

3. Natural Coordinates Formulation (NCF)

The NCF is specifically designed for analyzing systems that consist of both rigid and
flexible bodies. When used on rigid bodies, the NCF offers an alternative to conventional
approaches that employ reference frames and generalized coordinates to describe the
kinematics and dynamics of a system. The NCF directly employs the absolute positions of
select points, along with the orientations of vectors that are fixed in the body, as the primary
coordinates. This choice simplifies the representation of constraints and the equations of
motion, leading to models that are often more intuitive and straightforward to implement
for certain types of problems.

3.1. Modeling Rigid Body Dynamics with NCF

The first step involves selecting specific points and vectors on the rigid body that
uniquely define its position and orientation in space. For instance, two points could
determine a line segment representing a rigid link’s orientation and length, while an
additional non-collinear point could establish the body’s plane.
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An elephant head, which is rigidly connected to the trunk, is regarded as a rigid body
that can be described and formulated via the Natural Coordinate Formulation (NCF). The
NCF is a method used in the kinematic and dynamic analysis of rigid multibody systems; a
special feature of the NCF is that it leads to the generation of a constant mass matrix, which
simplifies the computational process, and the generalized inertia forces, such as centrifugal
and Coriolis forces, are zero, which is advantageous for analysis [16].

The rigid body is described in the Natural Coordinates Formulation (NCF) by the
Cartesian coordinates of the basic points distributed throughout the body and by the
Cartesian components of several unit vectors attached to these points that describe the
orientation of the rigid body. For a spatial rigid body which is described with two points and
two non-coplanar unit vectors, shown in Figure 3, the vector of the generalized coordinates
of a rigid body can be expressed as

Figure 3. Kinematics of rigid body using Natural Coordinate Formulation.

q:[riT r]T ul vl }T (@)

where r; and 1; are the position vectors of points i and j. The vectors u and v are unit vectors
at point i which are perpendicular to each other and to vector rjj. A generic point, P, of the
rigid body is described by a position vector, t’, in the inertial frame (X,Y,Z) and 1 in the
local or body coordinate frame (%, 7, Z). The position of the point P relative to point i can be
defined as

a = ' — I; = C1rjj + cou + €3V (2)

=

r = r+aq (I'] — I‘i) + cou + c3v 3

=

r = (1 7C1)I‘1’+C1r]’+C2u+C3V 4)
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which can be expressed in matrix form as
L
T
= [(1 o)l gl ol C31] il =cgq )
u
\4

where ¢y, ¢, and c3 are constant elements of the vector (rP — ri) in the basis formed by
vectors r;;, u, and v. Therefore, the matrix C depends on the geometry of the rigid body
and does not vary with the motion of the system and is hence constant with time. The se-
lection of vectors r;, Ij,u, and v in the previous equations can be chosen to reflect the actual
anatomical attachment of the trunk to the head, while ensuring (in general) an effective
mathematical representation for the rigid—flexible coupling model. In our formulation,
r; and r; are reference points on the rigid head (center of mass and boundary point) that
define its spatial orientation and serve as attachment points for the trunk. These points
were selected to ensure a stable and realistic representation of the head’s motion constraints.
u and v are unit vectors that describe the orientation of the rigid body (aligned with the
principal axes of the head—trunk interface) and ensure that rotational and translational
effects are properly captured in the NCFE. The placement ensures that the kinematic and dy-
namic constraints at the head—trunk interface are accurately modeled, as will be explained
in Section 6 (Rigid—Flexible Coupling).

For a rigid body with a rectangular cross-section with a length of [, width of w, and
height of 1, one can conclude that

c1=2¢, co=wn, c3=h{
c= [(1 o)l ol ol al ©)

2 2y »_ 2z
C=T M=% 0=%

3.2. Rigidity Constraints

The description of a rigid body with two basic points and two non-coplanar unit
vectors leads to twelve natural coordinates and six degrees of freedom; six constraint
equations must be imposed. These six conditions are one constant distance equation, two
unit module conditions for the unit vectors, and three constant angle conditions between
the two vectors and the segment r;; and between the two vectors themselves.

CT. 10
1T d
u'u—1
T
viv—1
q)rigid - T =0 @)
1'1']' u
ri]'Tv

uTV

3.3. Obtaining the Mass Matrix of the Rigid Body Using the NCF

The mass matrix for rigid bodies can be obtained by integrating the density-weighted
mass contributions throughout the body’s volume using the Natural Coordinates Formula-
tion (NCF), in which the position of points directly defines the rigid body configuration.
The mass matrix is computed as follows:

M:p/VCTCdV 8)
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Explicity, the mass matrix can be written as
2mx X — Iy = xz
(m—l—é—’g— ";xG)I (mgc_%ﬁ (myG— d’)I (mzc—%)l
mx I Iy Iy Lz
o | CEmE () (e (% )1 o)
- — IXl Il'
mie— 01 (B (1)1 (1)1
mzg — 22 )1 La )y (Iy2)1 (I)I

where m is the mass of the rigid body, p is the mass density, and 4 is the distance between
points i and j. Xg, ¥, and Zg are the local coordinates of the center of gravity of the rigid
body. Iy, I, and I, are related to the moments of inertia of the rigid body, and Iy, Iy,, and
I, are the corresponding products of inertia.

It is important to note that the NCF-based mass matrix depends on the mass distri-
bution and the selected coordinates. Unlike other formulations for modeling rigid body
motion, no rotational parameters or time-dependent transformations are used. As shown
in Equation (9), the use of the NCF results in a constant mass matrix derived from the shape
function matrix of the body [17].

3.4. Derivation of Generalized Forces of Rigid Body Using NCF

In the context of the Natural Coordinates Formulation (NCF), deriving the generalized
forces due to the applied forces is well established in the literature. However, the derivation
of the generalized forces due to the applied moments presents greater complexity due to
the absence of rotational angular coordinates in the NCE. Consequently, we begin with the
derivation of the generalized forces due to moments. For the applied moments, the virtual
work principle can be expressed as

SW =MTs (10)

which is the applied moment M at a given point on the body times the virtual change in
orientation, &', at that point. The virtual change ¢° can be expressed as

5 =16t (11)

Therefore, the formulation of the virtual change in orientation, 5%, can be obtained when the
angular velocity for a material point, !, along with the NCF body, is defined. Given that the
coordinate set used in the NCF is similar to those employed in continuum mechanics [10], it
can be concluded that the angular velocity description in the NCF aligns with the continuum
mechanics framework. Thus, the vorticity tensor describes the angular velocity ! at the
given point in the continuum element, which can be expressed as [10]

. [0 —@. @y .
T = | @ 0 —a = E(L - LT) (12)
—@y @ 0
()
) [ @ 1 L3p —Los .
b= |oy| =5 |Liz—Ls1| =Gq (13)
| 02 L1 —Lip

where L is the velocity gradient tensor, and G is the velocity transformation matrix. Sub-
stituting the value of ! into Equation (11) and then into the virtual work principle of
Equation (10) yields
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oW =MTT6t =MT G qot =M' G déq (14)

The velocity gradient tensor, L, can be defined as L = dt/dr. Thus, the generalized forces
due to external moments can be described as

Ql =M'G (15)

When combining the effects of both forces and moments, the complete vector of the
generalized forces takes the form

of = (FTC v G) (16)

In this equation, F = [fx,fy,fz} T represents a concentrated force applied at action point
(x,y,z) on the body. The shape matrix C, generated using Equation (6), is evaluated at
this point, capturing the force distribution and its influence on the system’s configuration.
The shape function C ensures the correct mapping of the applied force to the generalized
coordinates, maintaining consistency with the NCF framework.

The equation of motion is obtained by using the method of Lagrange multipliers as

SR
® 0| fl

where ®g is the Jacobian matrix of the constraints, { is the vector that contains the ac-

celerations, Qy is the generalized external force vector, which contains all external forces
and moments, ~ is the Lagrange multiplier, and fl is the vector of the constraint reaction
equations [10].

Figure 4 illustrates the effect of applying moments along different axes of an elephant’s
head, modeled as a rigid body. In this example, the head is spherically attached to a fixed
constraint, allowing for rotation while maintaining a fixed position. The rigidity constraints,
as described in Equation (7), ensure that the body’s motion adheres to its structural limita-
tions. The application of moments about the z-axis, y-axis, and x-axis, shown in subfigures
(a), (b), and (c), respectively, demonstrates the resultant rotational effects.

Figure 4. Motion of rigid body due to moments applied to rigid body: (a) about z-axis, (b) about y-axis,
(c) about x-axis.

4. Absolute Nodal Coordinates Formulation

The Absolute Nodal Coordinates Formulation (ANCF) is widely used for the dynamic
analysis of multibody systems. It is particularly well suited for modeling continuum ele-
ments subjected to large rotations and large deformations, making it ideal for applications
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that require capturing the highly flexible and nonlinear behavior of structures [18-20].
Many applications are modeled using ANCF elements, including wind turbine blades,
piezoelectric composites, tire models, belt drives, aerospace systems [21-23], and others.
In this context, the ANCF provides a robust framework to model the overall dynamics
of an elephant’s trunk, including its interactions with the environment and the effects of
gravitational and other external forces. The formulation’s ability to accurately represent
deformation and motion makes it a powerful tool for analyzing complex, flexible systems
like an elephant’s trunk.

4.1. Kinematics of ANCF Thin Plate Element

Over the years, several ANCF elements have been introduced, evolving from 2D to 3D
formulations, including beams, plates, shells, and cables, further expanding the versatility
of the ANCF approach [24-26]. In the ANCE, position and gradient vectors are used as
nodal coordinates; this formulation leads to a constant mass matrix and, as a consequence,
the centrifugal and Coriolis inertia forces are identically equal to zero, which has a great
advantage for dynamic analysis. In this paper, the ANCF thin plate element is employed
for modeling the continuum model of an elephant trunk.

The ANCEF thin plate element assumes that the plate has a constant thickness and
does not consider the deformation along the thickness direction. The four corner points
of the mid-surface are used as element nodes, with each node having a position vector
and two gradient vectors as nodal coordinates with nine degrees of freedom, leading to a
reduced-order element with 36 degrees of freedom [27]. The global position vector of an
arbitrary point, P, on the mid-surface of the thin plate element can be defined as

r(x,y,t) = S(x,y) - e(t) (18)

where S is the element shape function matrix, and e is the vector of the nodal coordinates.
This vector at node i of an element can be defined as

o= [ (T (1)), i=1234 (19)

The nodal coordinates of one element can be expressed by the vector e, which includes the
nodal coordinates of the four nodes, as

T
e=e] ol eI e (20)

where # is the global position vector, 7% and r; define the gradient vectors at the node i,
and the element shape function matrix S for a thin plate element can be obtained using in-
complete third-order polynomial interpolation functions where the basis B can be obtained
from Pascal’s triangle [28].

2 3

B=0 x y x> xy y* ¥* 2%y x® ¥ 2%y 4%« (21)

The shape function matrix S can be expressed as

S:[Sll SyT S31 SuI - 5121} 22)
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where I is a third-order identity matrix and shape functions can be defined as
S1=(E-D-1)(-28 -2+ +n+1)
Sp=—al(¢ -1’ - 1)
S3=~by(&-1)(y—1)*
Sy=—e(n—1)(—28 —277 +35+1)
S5 =—ag*(¢—1)(1 1)
S6 = bgn(n—1)* (23)
Sy =—-n(g ( 2172+§+317)
Ss =agn(E—1)°
So=—brP(¢—-1)(n-1)
S =—n(28+212 =3¢ 37 +1)
511 =ag’n(¢—1)
=g (n—1)

where ¢ = x/a and 1 = y/b are the local normalized coordinates and a and b are the length
and width of the finite element in the reference configuration.

Based on the general continuum mechanics theory, three configurations can be in-
volved in describing the deformation of the ANCF element. Figure 5 illustrates the straight
configuration x, the initial reference configuration (stress-free) r,, and the current deformed
configuration r. Integration and differentiation are applied to the straight configuration
using the matrix of the position vector gradient J, = ara ,wherer, = Se, and e, is the vector
of the element nodal coordinates in the initial reference configuration. Another matrix of
the position vector gradient J, = gr is utilized to establish the relationship between the
current and straight configurations [29], thus

or Jr ox
] = BT‘O - e E (24)
J=Je Jo_l (25)

In the fully parameterized elements, the position vector gradient is a 3 x 3 matrix.
However, the gradient-deficient element has only two gradient vectors as the deformation
along the thickness direction is not considered, and as a consequence, the matrix of the
position vector gradients is not square. In order to allow for using the standard procedure
as in the general continuum mechanics approach, the unit normal vector n,, at the mid-
surface, which is not a position vector gradient, is inserted to ensure that the gradient of
the position vector forms a square matrix [20,30].

Iy X1y Txo X Tyo

n, — Ny = 7”1‘1“) » ryOH

, 26
Tex X 1y (26)

Je = [rx Iy nm}r Jo= [l'xo Tyo nmo] (27)

where J, and J, are modified square nonsingular matrices of position vector gradients
evaluated at the current and initial nodal coordinates.
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Figure 5. Various related configurations for ANCF plate.

The volume in the current deformed configuration v and the volume of the curved
reference configuration V, are related to the volume of the straight configuration V through
the relationship dv = [J.| dV and dV, = |J,| dV, where |J,| is the determinant of the position
gradient matrix for the initial configuration, which means that integration over the domain
V, can be transformed to the straight element domain V.

The zero strain of the initially curved reference configuration can be obtained by using
the inverse of the matrix of the position vector gradients evaluated for the curved reference
configuration as e = e, and J. = J,.

The generalized inertia forces can be obtained by evaluating the kinetic energy T of
the element as

1 T 1 T,
TZE VoprTrdVO:E/VprTr|]0|dV (28)
where 7 is the velocity vector of an arbitrary point on the plate, and p is the element mass
density; this equation leads to a constant mass matrix defined as

_ T
M= [ pSTS[JoldV (29)

4.2. Generalized Forces of Thin Plate Element

The generalized nonlinear elastic forces vector Q. is obtained in the current configura-
tion concerning the stress-free reference configuration, which may have a curved geometry.
The strain energy of the thin plate element is obtained based on the membrane effect and
the curvature of the mid-surface:

UZE/eTDe€|JO|dV+1/KTDKK|JO|dV (30)
2 Jv 2 Jv
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where D, and D, are the matrices of elastic coefficients, E is the elastic modulus, v is
Poisson’s ratio, and h is the plate thickness. The Green-Lagrange strain tensor €; of the
plate mid-surface, which guarantees zero strain in the initial reference configuration in
terms of the matrices of position vector gradient J, can be written as

= 10

e = ;( (e3?) (1eJs®) - 1) (32)

With a constant thickness plate, the Green—Lagrange strain tensor is written in the vector

form € as
T

T
€= {esll €522 26512} = {exx Eyy Zexy} (33)
Here €y, €y, and €y, are the axial, transverse, and shear strains, respectively. The curvature
vector x can be expressed as the difference between the current %, and initial x, evaluated
for the current and initial configurations:

K=%K:.— Ko (34)
where .
Ko = {Kxx Kyy ZKXy} (35)
T
Ko = {Kxxo Kyyo 2nyo} (36)

such that the curvature components are defined in terms of the position vector gradients as

P I'xxTn Ko — Ixxo Ny
xx = xxo =
[ [Imo 13
T T

ryy n ryyo n,

Ky = L g, = e T (37)
S BV &
o — rxyTn , _ rxyngU
S Y P R

The vector r;; represents the derivative of r; with respect to j, and the normal vectors
n =1y X 1y and n, = ry, X 1y, are at the mid-surface for the current and initial configura-
tions.

The elastic forces Q. can be obtained by differentiating the strain energy U by the
vector of the element nodal coordinates:

U

Qe =+

(38)
Thus,

T

Jde T oK
Qe:/v(Be) De€10|dV+/V<ae> Dy [Jo|dV (39)
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4.3. Validation of Elastic Forces Model of Thin Plate Pendulum

The dynamic problem of a free-falling thin plate pendulum provides a robust bench-
mark to assess the accuracy and computational efficiency of finite element models under
large deformation and rotational dynamics [27].

In this study, the pendulum plate depicted in Figure 6 was modeled using 8 x 8 ANCF
thin plate elements with an edge length of 0.3 m and a thickness of 0.01 m. The material
properties included a mass density of 7810 kg/m3, a Young’s modulus of 10° Pa, and a
Poisson’s ratio of 0.3. Initially, the plate was in a straight configuration, with one corner
constrained and connected to the ground via a spherical joint. Upon release, the plate fell
under the influence of gravitational acceleration (¢ = 9.81 m/s?), showcasing its dynamic

behavior and deformation over time.
The governing equation of motion for this problem, expressed in terms of the constant

mass matrix M, nonlinear elastic forces Q,, and external forces Q,y, is given as

(40)

Meé + Qe = Qex
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Figure 6. Dynamic analysis of the straight pendulum.

Figure 6 illustrates the dynamic response of the thin plate pendulum at various time
instances (t = 0,0.1,0.2,...,0.6s), highlighting the progressive deformation of the plate
as it fell. The evolution of the displacement of the pendulum’s corner point is shown
in Figure 7, where the x,y,z coordinates over time reveal the nonlinear trajectory and
significant deformation experienced by the plate.

To ensure the validity of the simulation, an energy conservation analysis was per-
formed, as shown in Figure 8. This figure presents the energy balance at each time step,
including for the potential energy (U), strain energy (W), kinetic energy (T), and total
energy. The consistent total energy across all time steps demonstrates that the ANCF plate

element adheres to the work and energy principles, providing a reliable representation of

the dynamic behavior of the system.
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Figure 8. Energy conservation of the pendulum.

4.4. Validation of Elastic Forces of Initially Curved Pendulum

The initially curved pendulum fell under the effect of the gravity as illustrated in
Figure 9; it was modeled using 8 x 8 ANCEF thin plate elements. The dimensions and
material properties were the same as for the straight pendulum, except a Young’s modulus
of 107 was used. The application of the external force started at 0.1 s of the simulation
time to show the zero strain of the initially curved configuration. Figure 10 shows the
x,Y,z coordinates over time. It can be observed from Figure 11 that the strain energy
remained at zero within the first 0.1 s of the simulation, because there were no external
forces applied during that time interval. Also, the sum of the strain, kinetic, and potential
energies remained constant during the simulation.

The results confirm that the ANCEF thin plate element not only captures the complex
deformations of the plate with high accuracy but also achieves computational efficiency
by using a minimal number of elements. This capability makes the ANCF framework a

powerful tool for analyzing flexible multibody systems subjected to large deformations
and external forces.
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Figure 9. Motion analysis of the initially curved pendulum.
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Figure 11. Energy of the curved pendulum.

5. ANCF Continuum Trunk Model

ANCEF gradient-deficient plate finite elements were used to model the geometry and
conduct the analysis of the trunk. A dedicated subroutine was developed in MATLAB to
automate the construction of the trunk’s tubular structure. The subroutine systematically
defined the elements in a clockwise direction for each cross-sectional slice, progressing
sequentially along the elastic centerline of the trunk. The generation of the nodal points is
shown in Figure 12. The generated nodal coordinates were then used to assemble the ANCF
finite elements, enabling the simulation of the complex deformations and movements of

the trunk.

Figure 12. Generation of tubular structure using ANCEF thin plate element.
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Figure 13. Tubular trunk ANCF model generated using thin plate element.

The lofted profiles were obtained by transforming the position coordinates of the
upper cross-sectional mesh points, see Figure 13, which can be expressed as

[Rycos(f1) 0 Rysin(6q)]

R, cos(f;) 0 Rysin(6;)
P,

: : : (41)
R, cos(6,) 0 Rysin(6,)

1 1 1

where R, represents the upper radius and 6 € [0,27] is the angle for the mesh points.
This matrix defines the original profile that will be subjected to scaling and translation
transformations along the length of the trunk until it reaches the tip, depending on the
number of profiles n. Each lofted profile, P, at a given location, k, along the trunk is
generated using the transformation

Py =Ty - S - Py (42)

where
- Sy is the homogeneous scaling matrix, defined as

R
= 0 0 0
01 0 O

S, =

1o 0 oo
0 0 0 1

- Ry is the radius at position k, given by
k
Ry =Ry, — (Ry —Rp) k=0,12,...,n

—
n
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- T is the homogeneous translation matrix, defined as

100 0

L
n_ |01 0 kg
001 0
000 1

Here, R is the lower radius, and L is the length of the trunk.

Continuum Trunk Model Analysis: The dimensions and material properties of
the continuum trunk model were based on empirical data from a mature female Asian
elephant at the National Zoo in Washington, D.C. [31]. The trunk was 1.5 m long with
an upper diameter of 32 cm near the head, tapering to a lower diameter of 8 cm towards
the tip. This gradual tapering provided an anatomically accurate representation of an
elephant’s trunk. The material properties for the model included a density of 1180 kg/m?,
a Young’s modulus of 0.938 x 10° N/m?, and a Poisson’s ratio of 0.3. Initially positioned
in a horizontal configuration, the trunk was allowed to fall naturally under the action of
gravity, simulating real-world behavior over a duration of 0.3 seconds. Figure 14 illustrates
this motion, highlighting the trunk’s deformation as it transitioned into a downward curve
due to gravitational forces.

In addition to gravitational loading, external bending moments were applied along the
length of the trunk to simulate coiling or bending actions, as shown in Figures 15 and 16.
This captured one of the trunk’s most vital functions: its ability to bend or coil during activ-
ities such as grasping or wrapping around objects. To achieve this, a direct methodology
was employed to impose concentrated moments on the ANCEF finite elements, leveraging
the framework proposed in [10,13].

These simulations demonstrated the model’s ability to realistically replicate the com-
plex mechanics of an elephant’s trunk, including large deformations and the intricate
interplay between the gravitational forces and applied moments. This validated the effec-
tiveness of the ANCF in modeling biological structures with high degrees of flexibility and
adaptability.

Figure 14. Wireframe illustration of falling trunk structure under gravity.



Appl. Syst. Innov. 2025, 8, 42

20 of 32

Figure 15. Wireframe illustration of bending the continuum trunk structure.

Figure 16. Wireframe illustration of a dynamic analysis of the trunk coiling.

It can be concluded that the third-order polynomial interpolation function given
in Equation (23), which was employed for thin plate elements, achieved an acceptable
balance between computational efficiency and accuracy. While higher-order interpolation
functions could enhance precision, they significantly increase computational complexity,
memory requirements, and the processing time. Figures 15 and 16 show that the third-order
formulation effectively captured the trunk’s deformation while maintaining numerical
stability and efficiency, making it well suited for dynamic simulations.

6. Rigid-Flexible Coupling

The interaction between an elephant’s head and trunk as a multibody biomechanical
system was described based on the hybrid Natural and Absolute Nodal Coordinates
Formulation (NCF/ANCEF) framework for rigid—flexible coupling. The head in this context
was modeled using the Natural Coordinate Formulation (NCF), which accurately captured
the rigid nature of the head structure, while the trunk was developed and described
using the Absolute Nodal Coordinate Formulation (ANCF), which is appropriate for large
deformation and rotation analysis in flexible multibody systems.

Figure 17 shows the interaction between the elephant’s trunk and the head it is rigidly
attached to. The connection layer consists of mesh points that determine the rigid clamped
joint which constrains the relative translation and rotation between the rigid and flexible
bodies. The position vector r, and gradient vectors r,x and r,, at node n of the flexible
body are fully constrained by the point j, u, and v vectors of the rigid body.



Appl. Syst. Innov. 2025, 8, 42

21 of 32

Figure 17. Constraint formulation of rigid—flexible coupling and resulting head-trunk model.

The constraints equation of the clamped joint between the flexible body (trunk) and the
rigid body (head) can be defined as

¢distance

¢coupling = ‘Pangle (43)

¢orthogonality

The constraint function ®g;stance iMposes a certain distance, r, between point j on the rigid
body and nodes from r; to r,, which correspond to meshed nodes along the cross-section
of the flexible body in contact with the rigid body. This ensures that the relative distance
between these two points remains constant so that the geometric or kinematic relationship
is maintained; these constraints can be defined as
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ST TRl
¢distance = (44)
T L2
Tt — T

The constraint function Pangle ensures that the angle between the vectors r,; and u remains
constant, even as the bodies move within the system. This constraint ensures that the
relative orientation between the two vectors or bodies is maintained; these constraints can
be defined as

rfju — x|l ul| cos 6y
¢angle = : (45)

T

1,0 = [l [ul[ cos 6,

The angle 6, between the vectors r,,; and u can be calculated as
6, = atan2(||r,; X ul|, r,; - u) (46)

The orthogonality constraint ®g;hogonality ensures that two vectors remain normal to each
other, which can be defined as

o
Iy i)

T
r,,v

T ..
I'ly 1'1]

¢orthogonality = : (47)
T ...

1, Tij
T

|

T
rny 1‘,,,]'

The overall constraint equations, including the rigidity constraints of the rigid body de-
scribed in the NCF and the rigid—flexible coupling constraints, can be represented as

Prigid
PRigid-Flexible = (48)
¢coupling

Notably, the rigid head assumption is enforced through a set of constraint equa-
tions, Equations (44)—-(47) within the NCF framework, which can be selectively relaxed to
introduce some degree of soft tissue elasticity, if needed.

The kinematic movements of the elephant’s trunk, as illustrated in Figure 18, highlight
the model flexibility and precision of the proposed rigid—flexible interface and its interaction
with the environment. These motions include bending, twisting, and their combinations,
each demonstrating the intricate coordination and strength of the trunk’s musculature. The
trunk’s ability to extend outward with partial flexion allows it to delicately manipulate
objects, showcasing its precision and fine motor control. In such scenarios, a slight upward
curve at the tip suggests the careful adjustments required for grasping or repositioning
items with accuracy.
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Figure 18. Kinematic movements of an elephant’s trunk: (a) Manipulating (Extension and Partial
Flexion): The trunk extends outward to reach and interact with the object; the slight upward flexion
at the tip suggests the delicate precision required for picking up or manipulating items. (b) Picking
(Coiled Flexion with Gripping): The trunk is tightly coiled around an object, which requires the precise
activation of transverse and oblique muscles, enabling the trunk to obtain a secure grip on the object.
(c) Eating Directly (High Flexion with Lifting): The trunk lifts the food item directly to the mouth
without additional manipulation. Flexion and upward lift are characteristic of this motion, achieved
through transverse and dorsal muscle activation. (d) Gripping (High Coiled Flexion): The trunk grips
the object, coiling to apply precise force for some actions. This involves a combination of transverse
and oblique muscle activation.

7. Dynamic Simulation

In order to carry out the dynamic simulation of the elephant’s head—trunk system, the
equations of motion, as presented in Equation (17), were modified for the rigid-flexible
multibody system, taking the form of
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Oy + 20D + pPP = v (51)

The matrix Mg includes the rigid body mass matrix M, and the flexible body mass matrix
My. The Jacobian matrix (E; represents the partial derivatives of the constraint equa-
tions with respect to the generalized coordinates, ensuring that the kinematic constraints
described in Equation (48) are satisfied. The vector ” is the Lagrange multiplier. The gen-
eralized forces vector Q consists of the applied rigid body forces Q;, the elastic forces Q.,
and the external forces Q. acting upon the flexible body. The vector fl ensures the system
meets the kinematic constraints at the position and velocity levels.

Examples of the dynamic simulations are presented in Figures 19 and 20. The first ex-
ample shows the efficiency of the interaction of the two bodies, by applying constant torque
to the rigid body while no load or gravity was acting on the flexible body. An additional
example of the interaction between the two bodies is that the flexible body was subjected
to a bending moment, while there were no external or gravitational forces acting on the
rigid body.

These simulations highlight the complex interaction of external forces and internal
constraints essential for realistic system movements. To accurately capture this complexity, the
equations of motion were formulated as a system of Differential Algebraic Equations (DAEs),
incorporating holonomic constraints that govern the system’s geometry and motion.

A Baumgarte stabilization approach [32] was employed to mitigate constraint viola-
tions at the position and velocity levels during numerical integration. Equation (51) is a
second-order differential equation determining the kinematic constraints; the two terms
2ad and B%® in this equation perform the role of PD control. The numerical values of
« and 3 were empirically chosen as stabilization parameters (damping ratio of 0.707 <
« = 5and B = 12) [33]. While this approach shows effective results for rigid-body systems
and for short simulations, this method often fails in flexible multibody systems to prevent
the “drift effect”, especially in long simulations, due to the fixed numerical values of its
parameters throughout the simulation.

To enhance stability and accuracy, the Fuzzy Logic Control (FLC) constraint stabiliza-
tion method was implemented [34]. This method introduces a control framework indepen-
dent of the system dynamics, effectively suppressing constraint violations over long simulations.
The FLC framework utilizes Sugeno-type systems with Gaussian membership functions to
provide robust stabilization, making it particularly suitable for the hybrid head-trunk model.

The implemented FLC operates through three primary phases of fuzzification, fuzzy
rule-based decision making, and defuzzification. During the fuzzification phase, the inputs
are the constraint function ¢(q, ) and its derivative ¢(q, §, t), which are normalized using
scaling factors (K, and K;) to ensure the fuzzy input variables are within the range of
[—1,1] and transferred into fuzzy sets using membership functions. Based on a comparison
between several fuzzy sets, including triangular, trapezoidal and Gaussian memberships,
the results indicated that Gaussian membership functions offer greater stability of the
numerical solution, reduce constraint violations, and enhance computational efficiency.
The rule-based decision making phase acts upon the fuzzy inputs with a set of rules
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to make appropriate corrective actions. Defuzzification converts the fuzzy outputs into
crisp values for the purpose of stabilization corrections. The FLC output is estimated by
a Sugeno-type system, significantly enhancing the efficiency of defuzzification. Unlike
the Mamdani approach, whose distributed fuzzy sets require computationally expensive
calculations, the Sugeno approach utilizes a singleton output membership function, a single
spike representation [34].
Violations in the constraints in the system create unknown disturbances, represented
as U". These disturbances affect the motion of the system, and thus
$(a.qb+0"=0 (52)
In order to compensate for this drift, the FLC generates the adjusting action, U" (¢, ¢, t),
ensuring that the system remains stable. FLC compensates for drifting by setting U" = U",
leading to the modified equation

$(qqt)+U" =gg—y+U" =0 (53)

This equation can be simplified to

P =~ —U" (54)

When applying the FLC approach for stabilization, the system dynamically adjusts
to minimize constraint violations and maintain accurate motion. This technique enhances
stability, and thus it is suitable for complex multibody simulations.

The numerical solution employs a variable-step, variable-order integrator, namely, the
Adams-Bashforth-Moulton method, which is a multistep predictor—corrector integration
approach. When paired with the FLC stabilization strategy, the computational efficiency
and stability are optimized. It can be concluded that this approach ensures precise constraint
handling and dynamic consistency, even under complex loading scenarios, such as lifting,
bending, and twisting movements.

t=2s

t=0s

Figure 19. Dynamic simulation of an elephant’s head-trunk system when torque is applied to the
rigid head.
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Figure 20. Dynamic simulation of an elephant’s head—trunk when the trunk is subjected to a bending
moment.

To validate the simulation and assess its accuracy, the results were compared with
the actual motion of an elephant’s trunk. Figure 21 presents a side-by-side comparison
of the simulated model and real trunk motion over time. To replicate the natural curling
movement, a time-dependent bending moment of M = 30t was applied at a point located
one-quarter of the trunk’s length from the distal end, acting about the y-axis. The external
force formulation described in Equation (16) was applied to the ANCF-based trunk model.
Initially, both the simulated and real trunks remained nearly straight, indicating a minimal
bending state. As time progressed, the trunk gradually bent, forming a pronounced
curvature that closely resembled the real trunk’s upward motion towards the mouth in an
active manner. The comparison demonstrates a strong agreement between the simulated
and real movements, particularly in the bending pattern and temporal evolution of the
curvature. This confirms that the proposed dynamic model effectively captures the natural
biomechanics of an elephant trunk.

M = 30;
t=0s X/ t=01s t=02s t=03s t=04s t=05s t=06s

Figure 21. Dynamic simulation of an elephant’s trunk motion along with the corresponding actual

movement during feeding.

Additionally, another simulation was carried out where the system was subjected to
double-acting forces to further explore the dynamic response under combined loading
conditions; see Figure 22. The trunk rested in a horizontal position and was subjected to
a bending moment about the y-axis, while the rigid head experienced an applied torque
about the z-axis.
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t=10.00 s t=0.10 s

t=0.20 s t=0.30s

t=0.40s t=0.50 s

t=10.60 s t=0.70 s

t=0.80s t=0.90 s

t=1.00 s t=110s

Figure 22. Dynamic simulation of elephant’s head—-trunk coupling.

Figures 23-26 illustrate the violations of the constraints (rigidity, distance, angle, and
orthogonality) over time and demonstrate the effectiveness of the integration method and
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the rigid—flexible interface. For rigidity constraints, the deviations remained within 1077,
ensuring the rigid body’s behavior was accurately maintained. The distance constraints
showed minimal violations, confined to the order of 1078, confirming the precise preser-
vation of the distance between nodes. Angle constraints exhibited negligible deviations,
within 1071¢, indicating the relative orientation between vectors remained constant as
expected. Orthogonality constraints also displayed small violations, within 1077, main-
taining the orthogonal relationship between vectors throughout the simulation. These
results collectively highlight the robustness and precision of the simulation framework,
demonstrating that the system adheres to the constraints effectively over time.

x107

Rigidity Constraints, C

-6 I I I
0 0.5 1 1.5 2 2.5 3
Time s

Figure 23. Violation of rigidity constraints, Equation (7).

Distance Constraints, C'

0 0.5 1 1.5 2 2.5 3
Time |s]

Figure 24. Violation of distance constraints, Equation (44).
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Figure 26. Violation of orthogonality constraints, Equation (47).

It is important to note that the exact inherent damping of an elephant trunk is not explicitly
documented in the literature. However, studies on elephant trunk dynamics [1,35] suggest that
trunk movements rely on a combination of passive elasticity and active muscular control,
both of which inherently contribute to energy dissipation. In previous implementations,
the damping effect was not explicitly modeled; however, the results demonstrated realistic
oscillatory behavior, ensuring consistency with observed trunk movements. The simulation
approach inherently incorporates constraint stabilization techniques to manage the numeri-
cal behavior of the system. Specifically, damping in constraint dynamics is handled using
the Baumgarte and Fuzzy Logic Control stabilization methods. These stabilization methods
effectively regulate constraint violations, preventing unrealistic oscillations and ensuring
smooth, physically meaningful motion. The effectiveness of this approach is evident in the
dynamic results presented in Figures 17 and 19-21), where the simulated motion decay
closely aligns with natural trunk behavior. Furthermore, the comparative analysis shown
in Figure 21 confirms that the proposed rigid—flexible coupling model provides a reliable
representation of realistic trunk mechanics, demonstrating the system’s ability to replicate
natural movements observed in elephants.
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8. Conclusions

This paper successfully integrated the Natural Coordinates Formulation (NCF) and
the Absolute Nodal Coordinates Formulation (ANCF) to model an elephant’s head—trunk
system as a rigid—flexible multibody system. The NCF was employed to model the rigid
head, while the ANCF-based modeling of the trunk’s tubular structure was carried out.
The NCF/ANCF model constructed captured biomechanical properties while obeying
the constraints of a rigid—flexible interface and demonstrated versatility and applicabil-
ity. The proposed model provides an accurate and efficient framework for capturing the
dynamics of large deformations of the trunk and large rotations of the head. The Fuzzy
Logic Control (FLC) constraint stabilization method was employed to ensure the robust
handling of constraint stabilization, effectively eliminating drift issues in long-term sim-
ulations. Dynamic analysis showed the realistic response of the system under various
loading conditions, including bending moments, applied torques, and combined forces,
highlighting the intricate interplay of external forces and internal constraints. Across all
constraint types, the maximum violation values were exceedingly small, which means
that the rigid—flexible interface proposed in this paper, as well as the integration and sta-
bilization methods implemented, is effective. The system adheres to the constraints over
time, proving the robustness and precision of the simulation framework. These results
not only enhance the understanding of rigid—flexible dynamics but also offer valuable
insights for applications in robotics, biomechanics, and continuum manipulator design,
paving the way for future advancements in complex system modeling. While this study
focused on modeling rigid—flexible coupling dynamics, the developed framework provides
a solid foundation for future enhancements. Potential extensions include the integration of
active control strategies, where model-based control methods could be explored to regulate
trunk movement by utilizing the system’s dynamic properties for improved adaptability
and precision. Additionally, future work could incorporate soft tissue elasticity through
compliant elements or reduced-order deformation models to further refine the head—trunk
interaction, ensuring a more comprehensive representation of the system’s biomechanics.
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